The criterion for instability that appears in a nuclear burning shell of stars and the evolution during the period of this instability are studied in general. It is shown without detailed numerical calculations that the temperature at the unstable shell increases until it reaches a certain maximum value, and afterward it decreases gradually. The maximum value of the tcrnperature depends on the ratio of the radiation pressure to the total pressure of the nuclear burning shell at a stage when the instability begins.
The criterion for instability that appears in a nuclear burning shell of stars and the evolution during the period of this instability are studied in general. It is shown without detailed numerical calculations that the temperature at the unstable shell increases until it reaches a certain maximum value, and afterward it decreases gradually. The maximum value of the tcrnperature depends on the ratio of the radiation pressure to the total pressure of the nuclear burning shell at a stage when the instability begins.
The evolution during the instability has been calculated in detail for four stellar configurations, including the stars ,>vilh an unstable hydrogen-burning shell, an unstable heliumburning shell, an unstable carbon-burning shell and with an unstable hydrogen-burning shell which has been made by the accretion of a hydrogen-rich gas.
~ I. Introduction
During the past few years the evolution of siars with vanous masses and various chemical compositions has been studied until complicated advanced phases are reached. At some stages of such advanced phases two kinds of instability have so far been found.
It is well known that an jnstability is developcd at the onset stage of nuclear burning when electrons are highly degenerate. The examples are the helium :flash at the center and the so-caJled second helium flash in a shell. Recently, another kind of instability has been found to occur in a non-degenerate nuclearburning shell, and it has drawn our attention in connection with its influence on the subsequent stellar evolution and with unsolved phenomena like the outburst of a nova.
Historically, this instability has first been discovered by Schwarzschild and IHirm 1 ) in the course of numerical investigation of the evolution of a star of 1 M0 which contains both hydrogen-burning and helium-burning shells. They have found for this evolutionary phase that the helium-burning shell becomes unstable \vhen the time step for the numerical calculation is chosen as smaller and smaller. They have considered that these numerical instabilities are the consequence of the locally concentrated and highly temperature-sensitive nuclear burning in the shell, and they have derived the following criterion for instability, ill'/l'>4/)), where ill' is the tcmperature difference between the ouLer and inner boundaries of the shell in question and)) is the power of temperature in the nuclear energy generation rate.
After the discovery of Schwarzschild and Hann, Weigere) has also found
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the same instability in the helium-burning shell, \vhere the above criterion of Schwarzschild and Harm is satisfied, in the course of numerical investigation of the evolution of a star of 5 MG' Moreover, he has found that the instability occurs recurrently as thermal pulses with a cycle time of about 4000 years, and that in each pulse the convection zone developes outside the unstable shell source, and this extends to the neighborhood of the hydrogen shell source shortly after the peak of the pulse.
The above instability has been found for stars with double shell sources, hydrogen and helium. Recently, RoseS) has sho\yn that, even for a star with a single helium-burning shell source, the instability grows to a considerable extent in the shelL From this result we can conclude that the cause of the instability is not due to the interference of two neighboring nuclear burning shells but IS due to a shell source itself.
It is to be noticed that the occurrence of such instabilities may have an appreciable influence on the subsequent stellar eyolution. For instance, it has been known, for the star of 5 1\IG that, as soon as the instability grows, a convection zone deyelopes extensively outside the unstable helium shell source. "TV e cannot exclude at present the possibility that the convection zone developes until it reaches or extends beyond the hydrogen shell source, since according to the result of Weigert, the amplitude of the pulse of the instability increases from pulse to pulse. 1£ this is the case, the instability will finally lead to a thermal runaway caused by the mixing of outer hydrogen into inner region where the temperature is high enough to ignite hydrogen explosively. To solve the above problem of mixing, we must first make clear the physical cause of instability and secondly we must know to what extent the convection zone grows when it ceases to develope by non-linear effects.
One of the aims of this paper is to make clear the physical condition for the shell which is thermally unstable. The cause of the instability is seemed to be as follows.1) When perturbed energy is absorbed into a shell this shell expands and the density decreases by a fraction of the first order of the perturbation. On the other hand, the pressure in the shell balances with the weight of the layers above it. Then, if the perturbation is confined to such a thin shell that we can disregard its eIfect on the upper layers, the pressure drop in the shell becomes only the second order of the perturbation. In consequence, according to the equation of state for a non-degenerate gas, the temperature in the shell increases and it accelerates nuclear burning. On the other hand, the loss of energy by a heat flow from this shell increases because of increased temperature gradient. If the energy gain by nuclear burning outweighs the loss by heat flow, the temperature cOlltinues to rise and leads to the instability.
In § 2 we shall study the above situation more quantitatively by treating the entropy as an independent variable which determines the stellar structure. The time-scale of the entropy production due to perturbed nuclear energy gen-eration and the time-scale of the entropy loss due to increased temperature gradient will be computed. The ratio of these two time-scales is inversely proportional to the mass contained in the shell source. Therefore, if the mass of a shell source is greater than a certain critical value, which depends on physical quantities in the shell source, the entropy production rate outweighs its loss rate and this shell source becomes unstable against perturbation.
This criterion is applied to stars in various evolutionary phases. It will be shown in § 2 that the instability seems to grow even in a hydrogen-burning shell for a star of 7 J'!,10 having a helium core. Another aim of this paper is to investigate the course of the thermal instability as well as the development of the convection zone svhich lies outside the unstable shell source. This study \vill be described in § ~-3. The temperature in the unstable shell first increases, attains a certain maximum value and afterward decreases gradually. It "will be shown that this maximum temperature depends, as T1llUY.CC (1-(9)1/4, on the ratio, 1 -d, of the radiation pressure to the total pressure in this shell at the onset stage of the thermal instability. Then we can expect strong thermal pulses for less massive stars in which the effect of radiation pressure is less important. A physical analysis of the thermal instability and an approximate method of finding the peak stage will also be described in § 3.
The results of numerical calculations will be described III ~ 4 for four cases: 1) a star of 7 J1v10 with an unstable hydrogen-burning shell source, 2) a star of 5 M0 with an unstable helium-burning shell source, 3) a carbon-oxygen star of 1.1 J'!,10 during the phase of the onset of carbon-burning in a shell, and 4) a white dwarf of 0.5 J'!,fC!) with an unstable hydrogen-burning shell, which is made by accretion of a hydrogen-rich gas. The thermal pulse in case 1) is not so strong as in case 2). In case 2) there remains a small marginal part of a radiative layer between the hydrogen-burning shell and the outer edge of the convection zone even at the stage when the convection zone is most extensive.
VVe can conclude that the mixing of chemical elements into the hydrogenburning shell does not occur for the star of 5 M0 that we have inve3tigated, even if we take account of the effect of overshooting. The effect of overshooting of convective elements aeross the convection edge will be discussed in § 5.
Unfortunately, it is very difficult to obtain quantitative results by the general treatment of the thermal instability because it depends critically on the stellar struct ure at the onset stage. As to the above mixing problem, the stability test described in § 2 and then the method described in §:3 will have to be applied, when the stellar evolution in advanced phases will be newly calculated. The critical ::;tages in advanced phases against the above mixing will be briefly discussed in the lined section. 
\Vhen this entropy distribution is perturbed in some layers of the star, the hydrostatic readjustment proceeds 11rst and afterward the thermally stationary state is reached gradually. The time-scale of the hydrostatic readjustment is characterixecl b~" the time required for sound ,yaye to trayerse the stellar dimenSIon. On the other hand, the characteristic time of tIle thermal readjustment is giyen by the t i111e required for photons to d iff use through the region considered. In general, the time-scale [OF sound propagation is much shorter than the time for photons to diffuse through a layer as small as a nuclear-burning shell. Therefore, in the following, \ve assume that the hydrostatic equilibrium is maintained at any instance, since we are interested in the layer of thickness greater than or equal to that of a :::;11ell :::;Ollrce. The readjustment of physical variables made by an entropy perturbation i8 given by the lineari/C,Hion of Eq. (2 ·1) as
vvhere we have used the non-dimensional form of the specific entropy, S. = s(;.tI-I/!?'), where It, 1-1 and I?, are the mean molecular weight, the mass of a hydrogen atom and the Boltzmann constant, respectively. pp and Ps for a non-degenerate gas are given by
respectively, ·where j3 is the ratio of the gas preS8ure to the total pressure.
Solution of Eq. (2· :3) can be 0 btaillcd as a function of (55. in terms of two in-*) As for the explicit expressions of the relations, see the paper by Murai, Sugimoto, Hoshi anel H.ayashi. 4 ! dependent solutions of the homogeneous equations which are given by putting os. equal to zero in Eq. (2·3). One of these independent solutions is chosen so as to satisfy the boundary condition at the center, and h will be denoted by subscript 1. This solution should satisfy the following condition near the center:
where POI is an arbitrary constant. The other solution is chosen to satisfy the boundary condition at the surface and it \vill be denoted by subscript 2. This solution is expressed near the surface as
where P 02 is also an arbitrary constant. In terms of the above two solutions, the solution of Eg. (2·3) can be written as where C 1 and C 2 are given by the following integrals:
respectively, where R is the stellar radius.
(2·7)
Numerical calculations to obtain solutions of the homogeneous equations have been made for several stellar 111odels. The distribution of 0, which is important in the following, is shown in Fig. 1 for two cases, one for a poIytrope of index N = 3 and the other for the structure of the star of 5 Me at the onset stage of instability, which have been calculated by Weigert. 2) For the polytropic star it changes smoothly, while for the star having shell i:)ources it changes greatly near the shell sources. However, it is to be noticed that these Q values lie in a range bebveen --,4 and -8 except ill a small region near the center.
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From the thermodynamic relations the perturbed temperature is expressed as (2 ·10) where 1'p and 1's are given for a nondegenerate gas by
Next, let us discuss the thermal rcadjustment. The time variation of entropy is governcd by. the energy conservation 1a w as follows:
We make an approximation of the rate of nuclear energy generation as (2 ·13) where the first term represents the entropy production resulting from the perturbed nuclear energy generation, and the second term is the energy loss due to the diffusion of photons from this shell by the increased tem perature gradient. 
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Now, let us discuss the condition for the instability of a nuclear-burning shell. We assume that the entropy perturbation is confined within the shell source as shown in Fig. 2 . The radiation pressure has been neglected for simplicity. From Eqs. (2·7) and (2·8), the pressure drop in the shell can be written approximately as As stated above this is the second order perturbation if the thickness of the shell is small, Llr/r<l. In terms of Eqs. (2 ·10) and (2 ·18) the perturbed temperature is given by
within the shell source, (2 ·19) 111 the other reglOn.
Equation (2 ·19) shows that a positive entropy perturbation gives rise to a temperature increase in the shell if the follov/ing condition is satisfied
This condition is, however, satisfied in almost all the shell sources except for a very special case where the thickness of the shell source is comparable to the radial distance from the center, because the value of 0 is of the order of unity. Therefore, for a real shell source we can ignore the second term in the bracket of Eq. (2 ·19) as a good approximation. Then the temperature increase in the shell source is the first order perturbation, which is the cause of the acceleration of nuclear energy generation.
If we consider only the term ('hN in Eq. (2 ·15), \ve have from Eqs. (2 ·16) and (2·19)
where the e-folding time 'IN is given by
\vhere LN represents the nuclear luminosity -which is generated in the shell source and iJlvl is the mass contained in this shell. In deriving the above equations, the first term in Eq. (2 ·16) has been neglected since v>k.
On the other hand, from Egs. (2 ·17) and (2 ·19) the change of the perturbed entropy by the diffusion of photons is gi\-en b~T For the change of ():2.d in a short time interval r, Eq. (2·22) can be written in the integral form*) 7 1 (7
The integration in Eg. (2·24) have been performed under the simplification that O!id has a constant value only in the shell source as shown in Fig. 2 . rI'hen, the entropy change in the shell source is given by
The characteristic time in \vhich the entropy 'perturbation decreases by a factor of e IS given by This time-scale represents the time for the thermal energy in the shell source to be carried away by photon diffusion.
If 'C N is smaller than 'Cd, the entropy gam 111 the shell outweighs its loss and this shell is unstable for perturbation. Thus, the condition for instability is given hy
where (111\;1/ Al)cl'il. means the critical mass fraction of the shell, which depends on the quantities in this shell. ]'he critical masses for hydrogen-burning and helium-burning shells have been evaluated for red giant stars which have fully developed cores. In Table I these critical masses are li3ted together with the real rnasses of the corresponding shell source. As for the real mass -we have taken the mass of the region in \'\Thich CN is greater than one fifth of its maximum value. The factor, one fifth, has no significant physical meaning, but it is chosen to give a measure for the instability.
From Table Ia we can predict that the hydrogen-burning shell is unstable for the star of 7 l\Il~). Weigert has calculated the development of the instability in the helium-burning shell for a star of 5 Jl..1c~. From his result for the onset stage (the onset stage of the last pulse computed by him) we can show that the real mass is larger by a factor of 1.8 than the critical mass in the heliumburning shell (the first row in Table Ib) , while the hydrogen-burning shell of the same star is probably stable (the second ro\\' in Table Ia) .
Murai et al. have calculated a gravitationally contracting phase for carbonoxygen stars including neutrino emission. In particular, it has been found for a star of 1.1 McOJ that, as the contraction proceeds, a carbon-burning region grows and it becomes to contain about 65 per cent of the total mass. In such a stage, however, the neutrino loss rate c" outweighs the energy generation rate CN in the bulk of the star, and the ffactor in Eq. (2·30) takes a negative value. Immediately after the above stage, the ffactor becomes positive in a thin layer, Table Ie . The critical mass for tbe onset of the shell carbon-buring.
, 0.343 3.6 ·lO-5 6.5'10-1 Murai et al. 4 ) where eN is maXll11l1m and Al,/ Al = 0.343, and thus the instability grows in this layer as shown in Table Ic . The last table shows the existence of an unstable hydrogen-burning shell for the case where the accretion of a hydrogen-rich gas on the surface of a white dwarf gives rise to such a hydrogen-burning shell. It will be shown in ~ 4 that the instability for this case grows violently, the maximum energy output in the unstable shell has reached 5 X 10 40 ergs/sec for a star of 0.5 ]\.1 0 , These instabilities seem to be the most prom ising cause of a nova explosion. § 3. Method of calculation and general feature of the thernual pulse
An entropy perturbation gro\ys in a nuclear burning shell if it satisfies the condition (2·28). The distribution of entropy around the shell source will be changed as shown in Fig. 3 by the curve a when the perturbation grows appreciable.
The temperature gradient can be \vritten in terms of the entropy gradient as 
where Ts has been defined by Eq. (2·11) and it takes a positive value. If there exists a layer of negative entropy gradient in a star this layer is unstable for convection as seen from Eq. (3 ·1) . Therefore, once the entropy perturbation grows in the unstable shell a convection zone developes above it, where the entropy distribution is averaged as shown by the curve b in Fig. ~3 . In the course of the growth of the instability the entropy in the convection zone increases, and accordingly the convection zone becomes more and more extensive as shown by the curves c and d in Fig. 3 . as a thermal pulse.
It has been found by 'lVeigert and by
Rose that after the instability grows to a certain extent the temperature of the shell decreases in a relatively short time. This can be understood from the following simple consideration: We have shown in the preceding section that the perturbed temperature in the unstable shell begins to decrease when the condition ..1r/r>5/2101 becomes satisfied. It is to be noticed that ..1r is not the thickness of the unstable shell but that of the region in which the entropy changes with time, which must now be taken to be the thickness of the convection zone. When the convection zone extends beyond the above critical thickness the temperature in the unstable shell tends to decrease and accordingly the energy gain clue to nuclear burning also decreases. Thus the instability ends 1n this section we will treat the evolution of the thermal pulse quantitatively. If the entropy distribution of a star is known at a time t, the structure can be determined from the basic equations (2 ·1) and the thermodynamical relations (2·2). From Eq. (2 ·12) the entropy distribution after a short time step ..1t is given by
w here the last term has been added to take into account the entropy change through the change of chemical composition, and </h and /iI are the chemical potential of ion divided by lzT and the mean molecular \veight of ions, respectively.
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In our case the change of chemical composition is caused by the convection \vhich reaches the region of chemical inhomogeneity. Therefore the last term in Eq. (3·2) contributes only in the convection ;wne.
The terms (CN-dL?"/ dJ1.1r) and <PI can be determined from the structure at time t, I\"hile LI (l/lt r ) is determined \yhen the convection edges at timet+ Lit is known. The new entropy distribution at time t-\-Lit is determined by the method of iteration. In this way we can calculate the stellar eyolution step by step.
To avoid complexities we hm-e made the following approximations. Apj~roximatioJl 1. Since the time-scale of one pulse is much shorter than that of the evolution of a star as a whole (e.g. the Kelvin-Helmholtz time-scale), the adiabatic condition,
IS assumed except 111 the con\'ec1ion ;;;one. Tn 1he COllyection ;;;one the entropy IS given by (3·4) "where (LlAl)cnm-is the mass of the com-ection ;;;one and the integration should be taken over the convection zone.
ApjJroximatioJZ 2. The inner edge of the convection zone is fixed to a given mass fraction (72 throughout the whole stage of one thermal pulse, and it is assumed that entropy jumps discontinuously at this interface as shown in Fig. 3 . The mass fraction (72 is determined so that it coincides with the maximum of CN at the onset stage. The errors that are introduced by the above approximation haye been estimated to be suHicienthr small. Calculations have bee.n made on an electronic computer for the stars listed doubt as to whether the hydrogen-burning she1l is actually unstable~ because the stability criterion, Eq. (2·28), includes some am biguities such as the determination of the mass of a shell source. Therefore, if the existence of the unstable shell will be well established the result of the present calculations \vill represent the actual case.
The development of the instability has been followed along the line stated above. The initial entropy distributioll has been calculated from the structure that was already com]Juted.*)
Here, we discuss the physical property of the thermal pulse, and the results of numerical calculations will be discussed in the next section.
1) E:ffect of radiation jJressure
The specific entropy s [or a rion-degenerate gas can be written as
\vhere fi represents the ratio of the gas pressure to the total pressure. It is to be noticed that the constant in Eq. (3·6) depends on the mean 'molecular weights of electrons and ions. For simplicity we have not described it explicitly, and the effect of mixing of cherhical elements through convection has been ignored 111 what fo11o\vs in this section. The first three terms in the right hand side of Eq. (3·6) are the contribution from electrons and ions, and the fourth term is from radiation. As the instability gro\\"s the difference of entropy betv·veen the inner edge of the convection zone and the core boundary develops more and more (see Fig. 3 ). This entropy difference is given by
where [.rJ i ':C 2 -.r l • The subscripts 1 and 2 are referred to the core boundary and the inner edge of the convection zone, respectively. The ratio of the temperatures can be written in terms of fi and P as
Here, we make the simplification that at the core boundary the distribution of entropy is discontinuous, and all the physical variables at the core boundary are kept constants in the. course of development of the instability. From the above simplification we have the relation, P2 = Pl.
*) As for the detailed structures of unperturbed stars the reader will refer to the original papers cited in the remarks ih Table II.
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With the growth of the entropy discontinu ity (J 2 becomes smaller and smaller. Thus the temperature at the inner edge of the convection zone increases as is seen from Eq. (3·8). If we specify the value of 81 the ratio of the temperatures, T2/T1> can be determined from Eqs. (3·7) and (3·8), in which we put In (P2/ PI) = 0, as a function of ,5:2 -,5:1' The change of T2/Tl as a function of ,22 -,21 is shown in Fig. 4 . In this way, it is found that the temperature 7\ tends to the following limiting value when ,5:2 gro,vs unlimitedly:
Log!J,. It IS to be noticed that as (3 2 increases the entropy due to radiation occupies most of the gains due to instability so that the rise of the temperature T2 is suppressed and tends to the above limitll1g value because it is determined mainly from the entropy of the gas.
Thus we can expect a stronger thermal pulse if it occurs in the shell with a smaller value of 1-/3 1 , It is also to be noticed that the real maximum temperature in the unstable shell is greatly reduced from the above limiting temperature for the following reason.
2) E.rjJ(lllsioJZ of the core
The layers above the unstable shell expand when the energy produced 111 this shell is absorbed in the convection zone. Consequently, the pressure at the core boundary begins to decrease and at the same time the core expands adiabatically. Thus the temperature 1'1 at the core boundary decreases while the ratio T 2 /1'1 increases. In this way we come to the conclusion that one of the simplification that we made in the previous sub-
section breaks down. Then Eq. (3·8) is rewritten with new normalizations as (3·10)
where we denote the physical variables at the onset stage by the superscript (0) . As for the first term in the curly bracket we have discussed in the preceding subsection (in Eq. (3·7) ,5:1 and /3 1 are replaced by ,5:1(0) and (11 (0) , respectively, and In( P 2 / PI (0»)*) is put to zero). The third term represents the effect of core expansion, which suppresses the temperature T 2 • Thus the peak of the temperature T2 is attained when the pressure at the core boundary drops appreciably. *) Rigorously this term must be taken intO account. However, it is negligible as compared to 2 ·18). For the stage where the entropy difference becomes appreciable, the pressure drop at the core boundary is approximated as the cumulation of the linear theory (3 ·11) where the integration should be taken over the convection zone.
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In this way we can calculate the temperature in the unstable shell as a function of the mass of the convection zone. The maximum nuclear luminosity LN= f cNdM j • through the pulse and the corresponding temperature 1'2 are shown in Table III in the rows denoted by ajJj)rox. The nuclear luminosity is determined using the shell approximation (4D· 9) in Hayashi, Hoshi and Sugimoto.
)
The corresponding values at the peak stages, which are the results of numerical calculations described in the next section, are added for comparison in the rows denoted by numerical. The changes of physical quantities through a thermal pulse are sho\vn for four stellar configurations in Tables IV to VII. Here, the indices c and 2 refer to the center and the inner edge of the convection zone, respectively. The mass fraction of the conn:ction zone and the total energy generation by nuclear burning in the unstable shell are denoted by Liq"ony and L}\-, respectively. In each table the stages 0, 2 and 4 represent the onset stage, the peak stage of the luminosity L,y and the maximum convection stage, respectively.
The maximum com-ection stage is determined by the following condition:
where Lc is the radiati\-e energy nux at the outer edge of the convection zone.
The condition (4 ·1) denotes that after this stage the radiative fiux at the outer edge of the convection zone Ollhveighs the nuclear luminosity, ~ cNdA1n and the convection zone retreats from the outer layer.
1) Stellar co njigllra tiOll .il
The evolution of a star uf 7 Al(i) in a central hydrogen-burning phase and the subsequent shell hydrogen-burning 1)hase has been studied by Hofmeister, Kippenhahn and \TV eigert At a stage shortly after the onset of central helium-burning, the hydrogenburning shell of this star becomes unstable as is shown in Table la. The evolution through a thermal pulse has been calculated along the line discussed in ~ 3, and the results are shown in Table TV 
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The changes of the temperature and density at the inner edge of the convection zone, and that' of the nuclear luminosity LN (that is generated in the unstable shell) are shown in Fig. 6 , in which open circles denote the maximum convection stage. ]'he temperature 1'2 at the peak stage is higher only Lllog 1'2 = 0.07 than that at the 011set stage. This is due to the fact that the ratio of the radiation pressure to the total pressure at the onset stage has a rather large value, 1--/3 1 (0)==0.06. It seems likely that the situations are not altered for those stars heavier than 7 Ai~) which hcwe an unstable hydrogen-burning shell, because 111 such stars 1 -,1/°) is considered to take a large value. log 7;
7.6 - From the above results, we can conclude that the thermal instability in a hydrogen-burning shell gives no significant effects on the later. phases of evolution as long as the stars of large mass C:>7 lt1e..y) are concerned.
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2) Stellar configuration 13
The evolution of the star of 5 A1co) with neutrino loss has been studied by Weigert.
)
When 1 he sial' reaches a stage in which it contains both hydrogenburn ing and helium-burning shells, it becomes thermally unstable in the heliumburning shell, and afterward the instability grows to a thermal pulse and this occurs recurrently. FIe has calculated such thermal pulses over six cycles. We have chosen the quiescent stage shortly before the last pulse as the onset stage (stage t= 18000y in his paper), and have calculated the evolution during a cycle of the pulse. It should be noted that our results are in good agreement with that of Weigert except for the nuclear luminosity LN' This difference in LN comes from the difference in the constant of the nuclear reaction rate, which is 2.5 times larger than that used by Weigert.
Changes of the temperature 1'2, the density P2 at the convection edge and the nuclear luminosity LN arc shown in Fig. 7 . The temperature 1'2 reaches 2.66 >< 10 8°K and the corresponding nuclear luminosity becomes 1.7 X 10:18 ergs I sec at the peak stage. Al most all of these energies are, however, absorbed in the layers which lie outside the unstable shell. Therefore, these layers expand and at the same time the pressure at the unstable shell decreases appreciably. Consequently, the temperature begins to decrease at the unstable shell as shown in Fig. 7 . Fig. 7 . Changes of the temperature and the density at the unstable helium-burning shell, and of the nuclear luminosity.
The temperature distribution at the peak stage is shown in Fig. 8 together -with the distribution of c. The temperature changes almost discontinuously at the core boundary. This is one of characteristic features of the thermal pulse; the growth time of the pulse is
Mr/M Fig. 8 . Distributions of the temperature and the energy generation rates C3a and CON at the peak stage. The dashed and the solid curves represent the onset and the peak stages, respectively. The solid-clotted curve represents the maximum COllvection stage.
much shorter than the time for photon diffusion by which the temperature tends to be uniform. The entropy distributions for the onset and the peak stages are shown by the dotted and the solid curves in Fig. 9 . The jump of entropy at the outer edge of the convection zone is due to the discontinuity of the chemical composition at this interface.
Since the mass of the region between the hydrogenand helium shells is as small as(1V1n -11111J/ M = 0.0007, the convection zone extends to the neighborhood of the hydrogen shell source at relatively early stages of the thermal pu15e. However, the amount of energy, Tl1s111\1J~-:3 X 10 47 erg, is required for the cOlweciion zone to reach the hydrogen shell source, vv'hile the total energy liberated through the thermal pulse is about 5 X 10 46 erg. Therefore, we can conclude that the convection zone cannot reach the hydrogen shell. The convection zone approaches about 0.6 pressure 5cale height from the hydrogen shell source at the maximum convection stage. Even if we take into account the effect of overshooting of convective element~), the mixing of carbon into hydrogen-rich envelope does not occur for the stages we have studied.
It is to be noticed that the amount of energy that is required for the convection to reach the hydrogen shell is larger only by a factor of 6 than the total energy output through the thermal pulse. At later cycles of thermal pulse the convection may reach the hydrogen-burning shell.
3)
Stellar configura lion C Recently, the gravitational contracting phase of carbon-oxygen stars and the subsequent transition phase toward steady carbon-burning have been studied by Murai et a1. 4 ) for the two alternative cases with and without neutrino loss. In particular, for the star of 1.1 1\10 with neutrino loss its temperature distribution becomes nearly isothermal in the bulk of the sial' at stages when neutrino process operates effectively. This temperature distribution has a maximum value at 11ir/1\IJ = O.~343 where electrons are degenerate.
As the contraction proceeds and the temperature increases, the energy generration rate CN tbrough C C reaction outwcighs the neutrino loss rate 6" in the layer of 1\1r/ M = 0.34~3. Thus the ffactor in Eq. (2· ~W) becomes positive and this layer becomes thermally unstable as has been shown in Table Ie. The development of the thermal pulse has becn calculated, and the results are shown in Table VI . Changes of the temperature and the density at the 
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1.0 Fig. 11 . Distributions of the temperature anel energy generation rate EC-I-C at the peak stage. Me represents approximately the C + 0 core of a star of 7 Ai-i)' the above result shO\vs that the mixing of carbon into the helium zone cannot occur in the course of the abo\:e instability. At the end of the above thermal pulse the stellar configuration has been changed; the entropy in the core has been decreased by the neutrino loss and that in the surroundings has been increased by the absorption of energy. It is not clear whether the further contraction gives rise to the second thermal pulse.
The more detailed calculation,which includes the term, dL r / d~., is now in progress by Murai, Hayashi and Hoshi.
4) Stellar conjip;uration D
It has been shown by Giannone and Weigert 8 ) that vvhite dwarfs become thermally unstable if there is a continuous accretion of a hydrogen-rich gas on them. The accretion mechanism iswcJl understood if the above \vhite dwarf is one of the stars in a binary system, which consists of a blue and a red component. As the red com ponent evolves, its outer portions of the envelope expand beyond the l~oche surface and fall onto the blue component.
Giannone and vVeigert have studied the evolution of a white dwarf of 0.5 MC!) with the accretion of a hydrogen-rich gas for four different initial stages and for different accretion rates, dA1/ dt, which lie in a range bet ween 10--6 Mra /year and 10-11 J\;i(~/year, under the assumption that accreting matter falls quiesc cently. Their calculations indicate that, if the accretion rate is larger than about 10--9 Mra/year, the temperature of the inner layers of accreted matter rises nearly adiabatically by the compression due to falling matter. The rise of temperature finally results in the appearance of a hydrogen-burning shell in the inner layer of accreted matter, which is thermally unstable as shown in Table Id . The instability has been followed from the stage A16 in the paper of Giannone and Weigert. The model A16 consists of a thin hydrogen-rich envelope of mass 5 X 10--4 lvJra and a partially-degenerate nearly isothermal core of 0.
McO»
The temperature at the hydrogen-burning shell and the electron degeneracy at the center are 2.22 X 10 7°K and 0,) ~= 8El, respectively> Because the detailed structure of the model A16 is not described in their paper, the entropy distribution in this star is determined in the follo\'.ring way. An envelope of a polytropic index N = 3 and a partiaIly-clcgenerate isotherrnal core have been fitted at lYJr/!vi = 0.999 so that the temperature at this fitting point becomes 2.22 >< 107°K. The structure 111at we have thus determined agrees ,vell with the model A1G. It should be noted that the evolution during instability is determined almost 11"-respectively of the structure of the envelope at the onset stage. The reason is that a large part of the envelope is in convective equilibrium when instability has grown to an appreciable extent. The results of computations are listed in Table VII . The changes of the temperature and density at the unstable shell, and the nuclear luminosity L]yare sho'wn in Fig. 13 . The temperature of the unstable shell becomes as high / sec, so that we cannot expect the mass loss from the stellar surface. The peak stage continues for about one day, and afterward it decays rapidly.
The observations of ArplO) for an upper main-sequence star having a convective core. They have obtained the fundamental laminar mode of a convective eddy by solving the linearized hydrodynamic equations, and have discussed the overshooting of convective motions.
In our case a convection zone appears outside the unstable shell source, so that its geometry is rather similar to that of U nno. Let the vertical and horizontal coodinates be z and .r. The velocity com poncnts of a convective eddy can be written as I (5 ·1) where 1<, is a parameter which represents the size of an eddy and r is the lifetime of this eddy.
The lifetime r IS to be determined as the eigenvalue for the hydrodynamic equations. Both the result of Unno and that of Sasl<:rw and Schwarzschild indicate that the lifetime of a convective eddy is of the order of the time for a convective element to traverse a mixing length 1 \'lith the mean convective velocity v, though the geometries are quite different. Then, in the present case we approximate the lifetime of an eddy as
where a is the ratio of the mixing length l to the pressure scale height 1-1.
In the mixing length theory, the mean velocity of convective elements IS given by
where r is the ratio of the s peciflc heats, and Y IS the buoyancy factor, which is defined by *) For example, Hayakawa and Sugimoto ll ) have proposed the theory of outburst due to shock wave that is generated at the unstable shell. Recently, l{ose1 2 ) has proposed the theory of pulsationary instability which operates around the peak stage. The number of modes of the convective eddy which appears successively during one pulse of the instability is given by
R. 11()shi
where Tfl is the duration time of one pulse. According to Saslaw and Schwarzschild, the motion of a particular mass element just outside the convection edge during a time much longer than the lifetime of a convective eddy has the character of a random walk. Thus, the total displacement, d, during one pulse is given by (5 ·12) To apply the above equation to the stars we have studied 111 the preceding sections, we must calculate the buoyancy factor, Yra,], just outside (or inside) the convection edge.
As to the outer edge of the convection zone, it is still moving outside after the peak stage of the luminosity and there is an abrupt change of the mean molecular weight at this edge. The thickness of the region of varying mean molecular "veight should be of the order of d in Eq. (5 ·12). Thus, the thickness of the region where the density varies abruptly is also of the order of d, because the pressure and temperature are continuous across the convection edge. The buoyancy factor in this region of varying density is given by r Pi Pc
For the inner edge of the convection zone, the situation is more complicated. The detailed calculation by Weigert indicates that the inner edge of the convection zone moves inward in the early stage of the thermal pulse and it retreats outward after the peak stage, leaving the jump of mean molecular weight behind the convection edge. Thus, the distribution of the mean molecular weight becomes very complicated. Furthermore, the temperature distribution varies very sharply in a region just internal side of the convection edge.
For the moment, we consider the change of the density distribution due only to the change of the tmeperatllre distribution mentioned above. The thickness of this density varying region and that of the tern perature varying region will be denoted by (Jr)1' and (Jr),£" respectively, and \ve have (5 ·15) The effective thickness of the temperature varying region, (Lir)r, is determined from the requirement that the total energy generation due to. nuclear burning in this region is balanced by the inward energy flux clue to steep temperature gradient, Cy(Liltf)'l' (lc(47:'r2Y LiT'" =0, (5 ·17) In this case the buoyanc.y factor in the adjacent radiative region IS given by
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rat! I I ' II PI -P2 (5 ·18) where P2 and PI are the densities at the convection edge and the core boundary, respectively. Thus, the total displacement of the overshooting of the convection elements into the core is given by Table VIII , in which the cases from A to D correspond to the stars listed in Table II . Overshooting from the outer . . edge of the conv.
Overshooting into the core The results sho'.v that the effect of the overshooting of convective elements on the mixing of chemical composition is negligibly small as far as one pulse of the instability is concerned. It is '.vell known that the thermal instability appears recurrently in the unstable shell source. At present, the time between the successive two pulses and the peak luminosities of the later pulses are not '.vell known. Thus, there still remains a question as to the effect of the total displacement during a sequence of many thermal pulses. § 6. Concluding remarks
We have studied the thermal instability which appears 111 a nuclear burnmg shell, and have found that the convection zone appearing outside the unstable shell is not so extensive as to have an appreciable effect on the stars we have studied. In the case B, however, the convection zone which appears outside the helium shell developes to the neighborhood of the hydrogen-burning shell. I\.ecently, Schwarzschild and 1~Hirm15) have shown that the convection zone due to the unstable helium-burning shell has reached the hydrogen-burning shell for a star of 1 hf 8 . It is to be noticed that both of the above stars contain very thin intermediate helium zones and degenerate cores.
We have found in a previous paper16) that, for a star having 'double shell sources and a degenerate carbon core, the evolution proceeds as shell heliumburning and shell hydrogen-burning take place alternatively and the mass of the intermediate helium zone repeats its growth and reduction. The intermediate helium zone becomes very thin when the helium shell source begins to be inactive and at the same time the hydrogen shell source becomes active again. Furthermore, it becomes thiner and thiner as the mass of the carbon core grovvs.
According to the result of computation by Weigert for the star of 5 M 0 , the mass of the intermediate helium zone is as small as 3.4 >< 10
